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In tegra l  re la t ions  a re  der ived for  a plane l amina r  boundary l a y e r  of weak po lymer  solutions 
with r igid el l ipsoidal  m ac rom ol ecu l e s .  The un iversa l  equation is wri t ten out for  g e n e r a l i z -  
a b l y - s i m i l a r  solutions to the problem.  

Fo r  approximate  solutions to p rob l ems  tn the boundary - l aye r  theory  for  Newtonian fluids, one gen-  
e ra l ly  uses  integral  re la t ions .  F o r  a boundary l ayer  of a weak po lymer  solution one can, obviously,  a lso  
cons t ruc t  approximate  solutions on the bas i s  of in tegral  re la t ions  applied to such media .  

We will cons ider  a s teady two-dimensional  flow of a weak po lymer  solution the m a c r o m o l e c u l e s  in 
which can be s imulated hydrodynamical ly  by r igid e l l ipsoids  of revolution nea r  a solid sur face ,  in conven-  
tional bounda ry - l aye r  coordinates .  As the rheological  equation of state for  the given sy s t em will s e rve  the 
one which has been der ived for  such media  in [1] on the s t ruc tura l -con t inuum basis :  

( ':) Ti. i = - -  p -~- ~ p 61j + 2~d~j + Ix1 /, n~nj > + Ix.dhr ~ ~ nhnr~thn j > + 2~a (dh~. (, nkn~ > -J dlk '( nhn~ > ), 

where n i a re  the components  of the unit or ientat ion vec to r ,  which coincides with the rotat ional  axis of an 
eIl ipsoidal  par t ic le ,  and () is the symbol  for  averag ing  wtth the distr ibution function of the or ientat ion angles 
of rotat ional  axes  [2, 3], which c h a r a c t e r i z e s  the or ienta t ions  of po lymer  m a c r o m o l e c u l e s  in a solution due 
to hydrodynamic  fo r ce s  and due to rotat ional  Brownian motion. 

The equations of a boundary l aye r  in such media,  der ived as  the zeroth  approximat ion in the general  
asymptot tc  solution of  the flow equation P:r = Tij , j  and the continuity equation dii = 0 for  l a rge  values  of the 
Reynolds number ,  a re  [4]: 

Ou Ou = = v d V  O~u / ". 2 , n  2 , n 2 u - -  + v - -  + - - ( v + % , n x n u > - ~ - %  ~ x T  u>) 
Ox Oy dx Oy 2 
Ou ( v  0 2 ~ + O ~_ , 2 ) O 

Ou Ov 
-I- = 0 ,  

Ox Oy 

where u and v denote r e spec t ive ly  the longitudinal and the t r a n s v e r s e  component  of veloci ty,  V denotes the 
2 2 2 2 veloci ty  of the m a i n s t r e a m  V; (n x + ny>, <nxny), and <nxny> a re  c e r t a m  functions of (~ = (%u/0y)/Dr [1, 4] 

with Dr  denoting the rotat ional  diffusivity. The boundary conditions for  Eqs.  (1) a re  the same  as  those 
used in the bounda ry - l aye r  theory  for  Newtonian fluids. 

In o rde r  to der ive the in tegral  re la t ions ,  we follow the p rocedure  in [5], i . e . ,  we mult iply the f i r s t  
equation in (1) by {V--u) k (k = 0, 1, 2 . . . .  ) and integrate  a c r o s s  the boundary l aye r  f r o m  y = 0 to y = 6 or  
y = r After  a few t r ans fo rma t ions ,  we have then 
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[(k -~ 2) 5k§ -b (k =- 1) 5k+l] 

~ . . . .  tl ~ k O  [ [  'Vo 
= - - ( k - ~  l ) - ~ - j  ( l - -  V ) Oy [~ l + - - = "  < n ~ n 2 > v  

o 

+ ~ , ~o~ + ,~ : : , /=- ~ <,~x,~ > dy, (2) 
`" YV 

where  

~,~ ~ ,6 
~ ; = , l  ( 1 - - t '  ' k = lZ _ _  l~  \ /~ 

0 0 

F o r  the second  set  of in tegra l  r e l a t i ons  [6], we mul t ip ly  the f i r s t  equat ion in (1) by yk (k = 0, 1, 2, 3, 
. . .  ) and in tegra te  a c r o s s  the boundary  l a y e r  o v e r  the s a m e  l imi t s  as  before :  

u (V - -  u) dg -i dV (V - -  u) d y  
dx . ' dx 

o o 

�9 ~ - ~ , , .  x ~- 
~" u j u y=O 

k = O ,  
~',5 ~ ,6 ~ ,6  

d yku (V - -  u) dy - -  k tJt'-W (V - -  u) dy -~- ~ x  
dx 

0 ~ 0 

= . ,~ n U > - ~ - - (  ~ y 
�9 I @ , v v :~ 
0 

_u ____vlDr̀" ( n.~n u ) J dy, k = 1, 2, 3 . . .  (3) 

When k = 0, both se t s  of in t eg ra l  r e l a t i ons  (2) and (3) y ie ld  the m o m e n t u m  equat ion 

dx --V (2 -}- H) =- ~ v  ~tJOU 1 __ V2v (, n~tz~ ,~ -r" - - ; ,  < tz~ -7 , -v ' n":nu } _ u=o ' (4) 

where 

8 5 
H - 

6** 

In o r d e r  to a r r i v e  at an a pp rox i m a t e  solut ion to p r o b l e m s  in the b o u n d a r y - l a y e r  t h e o r y  fo r  weak po ly -  
m e r  solut ions  on the bas i s  of in t eg ra l  r e l a t ions ,  it is  n e c e s s a r y ,  a s  in the case  of Newtonian fluids,  to in-  
t eg r a t e  the longitudinal  ve loc i ty  ove r  a set  of p r o f i l e s  with one o r  s e v e r a l  p a r a m e t e r s  which sa t i s fy  both 
the boundary  condi t ions  and a c e r t a i n  n u m b e r  of con tour  c o n s t r a i n t s .  F o r  the p a r a m e t e r s  in the se t  of 
p ro f i l e s  we will se lec t  the con tour  c o n s t r a i n t  de r ived  f r o m  the f i r s t  equat ion in (1) at y = 0: 

" \ n ; +  

O_Ku 0 ; ` ' o  v3 no ~ a +`" @ @ [%:-, <n~"~> + --`" < z --,~>~ / +,~ID,~ < n ~ , ~  =o. (5) 

Changing he re  to d i m e n s i o n l e s s  v a r i a b l e s  u = u /V,  y = y / 6 *  *, we obtain 

�9 0~_ 1 @ ~  <n 2n 2}- t - .  (n2x@ n2} @ 0u 0 <hen2} 

IZ2 , n 2 } -  , " 1  8 * * D r  0 _[_ V ' 8  **~ + ` ' 3  
V " `" V @- ( n~nu > - - ` "  - 0. (6) 
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Here  ~n 2-~xx,,y/y=0, (n2x + n2y)y=0, and (nxny)y= 0 a r e  funct ions  of 

/v, l oj v_= 
,6**Dr ['-~ff ]u__ o " 

It  fol lows f r o m  (6) tha t  the se t  of p ro f i l e s  of  longitudinal  ve loc i ty  in a boundary  l a y e r  in a weak p o l y -  
m e r  solut ion m u s t  depend on two p a r a m e t e r s :  fl = V '6*  *2/v  and ~ = V / 6 * * D r :  the f i r s t  one a g e o m e t r i c a l  
p a r a m e t e r  a l so  used  in the b o u n d a r y - l a y e r  t h e o r y  fo r  Newtonian fluids,  and the second  one a d i m e n s i o n l e s s  
p a r a m e t e r  which c h a r a c t e r i z e s  the re laxa t ion  p r o p e r t i e s  of m a c r o m o l e c u l e s  dur ing  flow. 

Thus,  o n e - p a r a m e t e r  me thods  of ca lcu la t ing  the c h a r a c t e r i s t i c s  of a boundary  l a y e r  a r e  not appl icable  
to g rad ien ta l  flow of weak p o l y m e r  solut ions;  a t w o - p a r a m e t e r  me thod  r e q u i r e s ,  in addit ion to the in tegra l  
m o m e n t u m  equat ion (4), one m o r e  equat ion taken f r o m  s y s t e m s  (2)-(3) and thus involves  unwieldy c a l c u l a -  
t ions  even in the c a s e  of Newtonian f luids  [7]. 

The f o r m  f a c t o r  is  fl 0 f o r  a longitudinal  flow a round  a plate  (V = const)  and an app rox ima te  s o l u -  
t ion can be found with only a s ingle in tegra l  re la t ion .  Our  p rob l em has  been ana lyzed  in [8]. H e r e  we will 
show the r e s u l t s  obtained for  a spec i f ic  case .  The m o m e n t u m  th ickness  6 "  * f o r  an aqueous  solut ion of  
r ig id  e l l ipsoida l  m a c r o m o t e c u l e s  at  the edge of a plate,  with a vo lume  concen t r a t i on  a = 0.01 and with a / b  
= 10 and r = ~ ' ~  = 10 -7 m,  L = 0.1 m, at T = 300°I£ and V = 0.1 m / s e c  is  6.7% l a r g e r  than 5* * fo r  the s o l -  
vent  alone [8]. 

Evident ly ,  then,  the Lo t t syansk i i  me thod  based  on finding the g e n e r a l i z a b l y - s i m t l a r  so lu t ions  [9] is 
the m o s t  p r e f e r a b l e  f o r  a p p r o x i m a t e l y  ca lcu la t ing  the c h a r a c t e r i s t i c s  of a boundary  l a y e r  in weak p o l y m e r  
solut ions .  

Let  us  now wr i te  the un ive r sa l  equat ion fo r  weak p o l y m e r  solut ions .  
s y s t e m  (1) will be sought in the f o r m  

V =qD , fl, f~ . . . .  ~ , 

fn = Vk-W(k)Z**k, k = 1, 2, 3 . . . . .  

V 6"* 

6**Dr v 

where  

The app rox ima te  solut ion to 

In the b o u n d a r y - l a y e r  equa t ions  (1) we change to the flow funct ion ¢(x, y): 

a, a, o 2 , _ v  d v 
ay axay ax ay ~ dx 

+ Oy [ a y  ~ ' ' nv > ) + vlDr <nxnv > " (7) 

The boundary  condi t ions  fo r  the ou te r  p r o b l e m  of h y d r o m e c h a n i c s  wiI1 be 

= a._~_~ = 0 at y = O ,  . a *  - ~ V ( x )  at y ~  co, 
ay ay (8) 

~**=~0 at X =  X o. 

Changing in (7) and (8) to independent  v a r i a b l e s  fk (k = 1, 2 . . . .  ) and X, we will seek  the solut ion in 
the f o r m  

Y 

= udy = V6** = 6** ' ~J' f" . . . . .  d B ~ (~' [1, f~ . . . . .  Z), 
0 0 

where  ~ = B y / 6 *  * and B is  a n o r m a l i z i n g  cons tan t  which will be d e t e r m i n e d  l a t e r  on. 

Thus,  fo r  de t e rmin ing  ~(~, fl, f2 . . . . .  2,) we have a un ive r sa l  equat ion independent  of  the ve loc i ty  
d is t r ibu t ion  in the m a i n s t r e a m  V(x): 
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1 -I- ve n 2 2 % 
- ; -  < ~n~>+ v 

<n~-@n e> ~ 0 3 q 5  F + 2 f l  ~ a2r 
1 - - ~  + 2B' O~ - - z  

[' [ 1 - - [  O~ '~'] a'r 0 [ 1 - b . v '  <n~n~> + % 
+ -~- ~--b~-/]  + a~ ~ o~ , , 

( aq5 o"-cl, ar 
1 oh ~ o~ah oh 

n ~ _ + n 2 > ] +  "q 1 a x y ~B ~, a~ {n~nu ) 

~ ) 

0~ 2 
0~r  BG__ ( aq5 02q5 0r 
- ~  / H- a~ o~a)~ 0~, (9)  

with the boundary  condi t ions  

where  

cb = .  Orb 0 r  

a~ o~ - (10) 

r162  at h = G  . . . . .  ~=o0, 

[ (  "~ " - l 
F = 2 ~ 1 + - ",,, < n~ n~ > + < n~ + n 2 > - -  (2 + H) [~ + ~1 < n~nu > , 

u " ~ g u y = O  

= 0 (g/~**) ~=0' 

G = [ ( k - - 1 ) / L §  G - - ~ ' ( - ~ - - - - h  t .  
\ - -  / 

k = l , 2  . . . .  

When fl = f2 = �9 �9 �9 = Z = 0 and 2B 2 = F,  then Eq. (9) and the boundary  condi t ions  (10) coincide  with the 
the p r o b l e m  of a longitudinal  s t r e a m  of Newton[an fluid a round  a plate  and, t h e r e f o r e ,  the Blas ius  solut ion 
[10] y ie lds  B = 0.47. 

The case  X-* 0 c o r r e s p o n d s  to the t r a n s i t i o n  f r o m  a weak p o l y m e r  solut ion with r ig id  e l l ipso ida l  m a -  
c r o m o l e c u l e s  to a Newtonian fluid; a c c o r d i n g  to Eq. (9), the obtained un ive r sa l  equat ion is in this  ca se  
ident ical  to the u n i v e r s a l  equat ion fo r  a Newton[an fluid. 

The u n i v e r s a l  equat ion (9) in the t w o - p a r a m e t e r  app rox ima t ion  $ = (VS**/B)~(~ ,  fl, Z) can be in te -  
g r a t ed  with the aid of a digital  c o m p u t e r .  

The solut ion of spec i f ic  p r o b l e m s  r e d u c e s  then to an in tegra t ion  of the o r d i n a r y  d i f ferent ia l  equat ion 

dz** F 
dx V 

with the boundary  condi t ion  

Z * *  = Z;*  ~ X = X O. 

Along with the a pp rox i m a t e  me thods ,  however ,  one may  a l so  use  n u m e r i c a l  me thods  fo r  a d i r ec t  s o -  
lut ion of the b o u n d a r y - l a y e r  equa t ions  (1) in the ease  of weak p o l y m e r  solut ions .  

Tij  
dij 

P 

5ij 
v[ 
p 
5 
O~ 

2a 
2b 
L 

N O T A T I O N  

a re  the c o m p o n e n t s  of the s t r e s s  t enso r ;  
a r e  the componen t s  of the s t r a in  r a t e  t enso r ;  
is  the p r e s s u r e ;  
a r e  the rheo log ica l  cons t an t s  defined in [1]; 
is the K r o n e c k e r  delta; 
ts the t h i cknes s  of a boundary  l aye r ;  
ts the 
t s  the 
ts  the 
[s the 
Is the 
ts the 

dens i ty  of a p o l y m e r  solution;  
t h i ckness  of  a boundary  l aye r ;  
vo lume  c o n c e n t r a t i o n  of m a c r o m o l e c u l e s ;  
ro ta t iona l  ax is  of  a m a c r o m o l e e u l e ;  
equa to r i a l  d i a m e t e r  of a m a c r o m o l e c u l e ;  
length of a plate .  
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